ABSTRACT. In this paper we study primality and primary decomposition of certain ideals which are generated by homogeneous degree 2 polynomials and occur naturally from determinantal conditions. Normality is derived from these results.
INTRODUCTION
Let K be a field. Let {x ij ; 1 ≤ i ≤ m, 1 ≤ j ≤ n}, {y j ; 1 ≤ j ≤ n} be indeterminates over K, so that R = K[x ij , y j ] denotes the polynomial algebra over K. Let X denote an m × n matrix such that its entries belong to the ideal {x ij ; 1 ≤ i ≤ m, 1 ≤ j ≤ n} . Let Y = (y j ) n×1 be the generic n × 1 column matrix. Let I 1 (XY ) = g 1 , . . . , g m denote the ideal generated by the 1 × 1 minors or the entries of the m × 1 matrix XY .
Ideals of the form I 1 (XY ) have been studied by several authors, see [3] , [2] , [4] , [5] . Subsequently, ideals of the form I 1 (XY ) + J, where J is also determinantal appeared in the paper [6] . In this paper, we construct explicit primary decompositions of these ideals by constructive techniques. The cases we consider are the following:
(1) m = n and X is generic or generic symmetric; (2) m = n + 1 and X is generic. The articles [3] , [4] , [5] have also discussed certain issues like primality of these ideals, when X is generic. However, our techniques only use the information about Gröbner basis for these ideals from [7] and the notion of complete irreducibility from [1] . Moreover, this study has been used to prove that I 1 (XY ) is normally torsionfree 4.8 and hence normal 4.10. The case when X is generic skew-symmetric turns out to be the most challenging one. The best result we could obtain is in 1.3. The primary decompositions of I 1 (XY ) is not known when X is an n × n generic skew-symmetric matrix.
First we note that the ideal I 1 (XY ) is not a prime ideal if m = n and X is one of the above. Let us prove this for m = n and X generic. A similar proof follows if X is symmetric. Let ∆ = det(X). It is easy to see that
A jn x jk y k = 0. Therefore ∆ · y n ∈ I 1 (XY ), but ∆ / ∈ I 1 (XY ) and y n / ∈ I 1 (XY ). Similar argument as above shows that if m = n and X is generic symmetric, then I 1 (XY ) is not a prime ideal. Primary decompositions of I 1 (XY ) for the cases m = n and m = n + 1 are given in section 5.
In the case when m = n and X is generic skew-symmetric, it is easy to see that the ideal g 1 , . . . , g n−1 is not a prime ideal and the sequence g 1 , . . . , g n is not regular, for y n g n = (−y 1 )g 1 +(−y 2 )g 2 +. . .+(−y n−1 )g (n−1) , but y n , g n / ∈ g 1 , . . . , g n−1 .
The main theorems proved in this paper are the following:
(1) Let m = n and X = (x ij ) be generic or generic symmetric.
. . , g n is a regular sequence in R.
(ii) For every 1 ≤ t ≤ n − 1, the ideal I t is a prime ideal in R.
(iii) The primary decomposition of the ideal I n = I 1 (XY ) is given by
where ∆ denotes the determinant of X.
(2) Let m = n + 1 and X = (x ij ) be generic. The primary decomposition of the ideal I n+1 = I 1 (XY ) is given by
where ∆ i denotes the determinant of the n × n matrix formed by removing the i-th row of the matrix X.
Remark 1.2. It follows from part (1), statement (ii) of the above theorem that if m < n and X = (x ij ) is generic, then I 1 (XY ) is a prime ideal.
It is not difficult to prove that g 1 , . . . , g n (respectively g 1 , . . . , g n−1 ) is a regular sequence, if we choose a monomial order on R suitably. For proving primality and primary decomposition we need techniques developed in [1] ; see sections 3 and 4. Primality can also be proved by geometric arguments, which is perhaps more natural for ideals of this form. However, we could not figure out better technique for describing primary decomposition for these ideals.
REGULAR SEQUENCE
Lemma 2.1. Let h 1 , h 2 · · · , h n ∈ R be such that with respect to a suitable monomial order on R, the leading terms of them are mutually coprime.
Proof. . The element h 1 is a regular element in R, since R is a domain and h 1 = 0. By induction we assume that for
then Lt(r) < Lt(g) and rh k+1 ∈ J. We follow the same argument with rh k+1 .
Theorem 2.2.
(i) Let X = (x ij ) m×n be either generic with m ≤ n or generic symmetric with m = n. Then g 1 , . . . , g m is a regular sequence in R.
(ii) Let m = n and X = (x ij ) be generic skew-symmetric, then g 1 , . . . , g n−1
is a regular sequence in R.
Proof. To prove (i), we choose the lexicographic monomial order on R given by
To prove (ii), we choose the lexicographic monomial order on R given by
The leading terms of the polynomials are mutually coprime with respect to the respective monomial orders defined above. We now apply Lemma 2.1 to prove the statement.
PRIMALITY OF I t AND J t
We prove primality of the ideals I t and J t defined in Theorems 1.1 and 1.3 using Theorem 2.5 in [1] . Let us first recall the notion of complete irreducibility from [1] .
Complete Irreducibility. Let P be a commutative ring with identity. Let a be a prime ideal of P . Let Γ a := {f ∈ P [x] | δf = 0, a = lc(f ) / ∈ a}, where δf denotes the degree of f and lc denotes the leading coefficient of f , with respect to the indeterminate
A polynomial f ∈ Γ a is Γ a completely irreducible if the following criteria holds:
The sequence (f 1 , f 2 , · · · , f n ) defined above is said to be completely irreducible (mod a
(i) Let m = n and X = (x ij ) be generic or generic symmetric. The sequence (g 1 , . . . , g n ) is completely irreducible (mod 0 ) and the ideal [g 1 , · · · , g n ] is a prime ideal.
(ii) Let m = n and X = (x ij ) be generic skew-symmetric. The sequence (g 1 , . . . , g n−1 ) is completely irreducible (mod 0 ) and the
Proof. We prove the statement only for the first case, that is if m = n and X = (x ij ) m×n is generic. The proofs for the other two cases are similar.
We show that the sequence (g 1 , . . . , g m ) is completely irreducible (mod 0 ). We have Γ a 0 = Γ 0 = {f ∈ P 1 | δf = 0 and lc(f ) = 0}. It is clear that g 1 ∈ Γ 0 and we show that g 1 is Γ 0 irreducible. Suppose that b ∈ P , g ∈ Γ 0 , h ∈ P 1 , with b = 0 and g 1 b − hg = 0. Now δg ≥ 1 as a polynomial of x 1n , since g ∈ Γ 0 . If δ(g) > 1 then the degree of hg as polynomial in x 1n is greater than one, on the other hand the degree of g 1 b as polynomial in x 1n is exactly one; which is a contradiction. Therefore, δ(g) must be equal to 1.
By induction let us assume that the sequence (g 1 , . . . , g i−1 ) is a completely irreducible system (mod(0)). Then a i−1 := [ 0 , g 1 , . . . , g i−1 ] is a prime ideal by Theorem 2.5 in [1] . We first show that y n / ∈ a i−1 , for all i ≥ 1. If i = 1, a 0 = 0 ; hence y n / ∈ a 0 . Let us assume that it holds for i = t − 1. We know that
If y n ∈ a t , then y e n ∈ P t g t + a t−1 [x tn ], for some e ≥ 1. We can write y e n = p.g t + q, for some p ∈ P t and q ∈ a t−1 [x tn ]. On substituting x ij = 0 in the above expression we get y e n = c and c ∈ a t−1 ; which contradicts the induction hypothesis. Therefore y n / ∈ a t . Given that δg i = 1 and lc(g i ) = y n / ∈ a i−1 as a polynomial of x in , we have g i ∈ Γ a i−1 . We now show that g i is
in , where c p ∈ a i−1 . Let us write g i = x in y n + c, where
Without loss of generality we may assume that b l / ∈ a i−1 , otherwise we take
Now a i−1 is a prime ideal, a r / ∈ a i−1 and b l / ∈ a i−1 imply that b l a r / ∈ a i−1 ; while each coefficient of (ii) Let m = n and X = (x ij ) be generic skew-symmetric. Then,
Proof. The proofs for the generic and generic symmetric cases would require the monomial order defined in the proof of Theorem 2.2; part (i). The proof for the generic skew-symmetric case is similar, with the only exception that it would require the monomial order defined in the proof of Theorem 2.2; part (ii). We prove the statement only for the first case, that is if m = n and X = (x ij ) is generic. The proofs for the other two cases are similar.
Then, g · y e n ∈ g 1 , · · · , g t . We know that Lt(g i ) = x ii y i , for every 1 ≤ i ≤ t < n, with respect to the monomial order chosen in the Theorem 2.2. We also know that the leading terms of g 1 , · · · , g t are mutually coprime and therefore they form a Gröbner basis for the ideal I with respect to the said monomial order on R. It is clear that y n does not divide Lt(g i ) for every 1 ≤ i ≤ t and hence Lt(g i ) | Lt(g) for some 1 ≤ i ≤ t. We can write g = q 1 g 1 + · · · + q t g t + r, where q 1 , . . . , q t ∈ R and r is the remainder. Therefore,
for some 1 ≤ i ≤ t, which contradicts the fact that r is the remainder. Hence, r = 0 and this proves that g ∈ I.
Remark 3.4. In the case when m = n and X is generic or generic symmetric, we have mentioned in the introduction that ∆·y n ∈ g 1 , · · · , g n . There-
Similarly, in the case m = n and X is generic skew-symmetric, we have seen in the introduction that y n g n = (−y 1 )g 1 + (−y 2 )g 2 + . . .
PRIMARY DECOMPOSITION OF I 1 (XY )
Theorem 4.1. Let I = g 1 , . . . , g n , ∆ and G = (G \ G n ) ∪ {∆}. Then G is a Gröbner basis for I, with respect to the lexicographic monomial order given by y 1 > · · · > y n > x 11 > x 12 > · · · x n,(n−1) > x n,n on R.
Proof. We note that G n = {∆y n } and Lt(∆y n ) = Lt(∆)y n . Hence Lt(G) = Lt(G \ {∆y n }) ∪ {Lt(∆)}. We apply Buchberger's criterion. Let f, g ∈ G.
Either f or g must belong to G since G differs from G only by a single element. We consider two cases separately.
Suppose that f, g ∈ G. Then, S(f, g) −→ G 0, since G forms a Gröbner basis for the ideal g 1 , · · · , g n . Hence S(f, g) −→ G 0, since G and G differ by a single element and Lt(∆y n ) = Lt(∆)y n .
Suppose that f ∈ G and g / ∈ G. Therefore, g = ∆ and S(f, ∆y n ) = y n S(f, ∆). We have that Lt(h 1 ) | Lt(S(f, ∆y n ), for some h 1 ∈ G since G is a Gröbner basis for I. If h 1 = ∆y n , then y n does not divide Lt(h 1 ) and therefore Lt(h 1 ) | Lt(S(f, ∆). On the other hand, if h 1 = ∆y n , then Lt(h 1 ) = y n Lt(∆) and in this case Lt(∆) | Lt(S(f, ∆)). Therefore, the division process modulo G starts. Suppose that S(f, ∆) = i≥1 h i q i + r, where h i ∈ G, Lt(h i q i ) ≤ Lt(S(f, ∆)) and r is such that r = 0 and Lt(r) is not divisible by any element of Lt(G). We have S(f, ∆)y n = i≥1 h i q i y n + ry n . There exists h ∈ G such that Lt(h) | Lt(ry n ). If h = ∆y n , then Lt(h) = Lt(∆)y n and it follows that Lt(∆) | Lt(r), which is a contradiction to the fact that Lt(r) is not divisible by any element of Lt(G). If h = ∆y n , then Lt(h) | Lt(r), which is again a contradiction.
Lemma 4.2. Suppose that gy
Proof. Let i = n. We take the monomial order as above on R. Now by the Theorem 4.1, Lt(G) = {x 11
and r is such that r = 0 and Lt(r) is not divisible by any element of Lt(G). We now consider gy n = i≥1 h i q i y n + ry n . A similar argument as above leads to a contradiction. Hence, g ∈ g 1 , · · · , g n , ∆ .
Let i = n. We choose the lexicographic monomial order given by y 1 > · · · >ŷ i > · · · > y n > y i > x ij , for all i, j, such that x ij > x i ′ j ′ if i < i ′ or if i = i ′ and j < j ′ . We follow the same argument as above to prove the statement in this case. Proof. We first prove that [g 1 , · · · , g n ] = g 1 , · · · , g n , ∆ . Let g ∈ [g 1 , · · · , g n ], then gy e n ∈ g 1 , · · · , g n ⊆ g 1 , · · · , g n , ∆ . If e = 0, then gy e−1 n ∈ g 1 , g 2 , · · · , g n , ∆ , by Lemma 4.2. By a repeated application of Lemma 4.2, we finally get g ∈ g 1 , · · · , g n , ∆ . Hence, [g 1 , · · · , g n ] ⊂ g 1 , · · · , g n , ∆ . Now y i ∆ ∈ g 1 , · · · , g n by Lemma 4.3 and therefore g 1 , · · · , g n , ∆ ⊆ [g 1 , · · · , g n ]. We have proved that [g 1 , · · · , g n ] = g 1 , · · · , g n , ∆ and therefore by Lemma 3.1 the ideal g 1 , · · · , g n , ∆ is a prime ideal.
Let us now assume that X is n × n generic or generic symmetric.
Lemma 4.5. The minimal prime ideals containing I n are y 1 , · · · , y n and g 1 , · · · , g n , ∆ .
